Abstract. A novel three-dimensional dental X-ray imaging method is introduced, based on hybrid data collected with a dental panoramic device. Such a device uses geometric movement of the X-ray source and detector around the head of a patient to produce a panoramic image, where all teeth are in sharp focus and details at a distance from the dental arc are blurred. A digital panoramic device is reprogrammed to collect two-dimensional projection radiographs. Two complementary types of data are measured from a region of interest: projection data with a limited angle of view, and a panoramic image. Tikhonov regularization is applied to these data in order to produce three-dimensional reconstructions. The algorithm is tested with simulated data and real-world in vitro measurements from a dry mandible. Reconstructions from limited-angle projection data alone do provide the dentist with threedimensional information useful for dental implant planning. Furthermore, adding panoramic data to the process improves the reconstruction precision in the direction of the dental arc. The presented imaging modality can be seen as a cost-effective alternative to a full-angle CT scanner.
Introduction.
Dentists often need precise three-dimensional information about dental tissue for diagnosis and treatment. This is the case, for example, in detecting bone loss between teeth, in determining the spatial relationship between the roots of a wisdom tooth and close-by nerves, and in the main application considered in this work, dental implant planning. Dental implants are artificial teeth attached as follows: an oral surgeon drills a hole in the bone, a base is screwed into the hole, and the implant is attached to the base. The crucial task in dental implant planning is deciding the direction and depth of drilling: the hole must be deep enough to ensure firm attachment of the implant, but shallow enough for not harming any nerves.
How, then, can a dentist acquire such three-dimensional information? Every dental clinic has at least two different X-ray devices: chair-side intraoral X-ray device for taking two-dimensional projection images (or radiographs) of a few teeth at a time, and a panoramic device for taking a panoramic image showing all dental structures simultaneously. Panoramic images are produced using a special geometric movement of the X-ray source and detector around the head of a patient so that all teeth are in sharp focus and details at a distance from the dental arc are blurred, see [21, 30, 33] and Figure 1 . However, intraoral radiographs and panoramic images are two-dimensional and do not always contain enough information due to overlapping of features.
Three-dimensional X-ray imaging tools for implant planning include (i) full-angle tomography with a cone beam computed tomography (cbct) device designed for dental applications and (ii) limited-angle tomography using a panoramic device reprogrammed to collect projection data as shown by the blue lines in Figure 2 . In this paper we study and extend option (ii), whose benefit over (i) is lower radiation dose and the possibility of using cost-effective standard equipment. On the negative side, there is a big mathematical difference between (i) and (ii). Namely, reconstruction from the comprehensive full-angle data provided by the cbct device is only mildly ill-posed and results in high resolution [19] , while reconstruction from the sparse limited-angle data provided by a panoramic device is a severely ill-posed inverse problem typically leading to reconstructions with elongation artifacts along projection directions; see [5, 26] and the references therein.
However, the goal of (ii) is not perfect recovery of the three-dimensional structure of the tissue, but instead a reconstruction good enough for implant planning. Indeed, limited-angle tomographic imaging using a panoramic device is realized commercially in the vt product of PaloDEx Group. The vt device has been shown to yield clinically useful three-dimensional information [3, 15] .
The aim of this paper is to introduce and analyze an extension of (ii). In addition to the scanned projection images, it is possible to use the panoramic device to take a standard panoramic image of the patient. We call the collection of the projection images and the panoramic image the hybrid data set. The directions of the X-rays measured during the formation of the panoramic image are roughly perpendicular to the directions of the scanned projection radiographs, see Figure 2 . Consequently, the hybrid data set is not so limited in view angle but rather represents a kind of sparse full-angle data. Thus, combining panoramic and projection data in the reconstruction process should yield improved three-dimensional information since more of the tissue boundaries are stably represented in the measurement [9, 22] . However, due to the narrow size of the detector area, the problem is an example of local tomography [9, 16, 24] . See [12, 13, 14, 15, 17, 20, 25, 27, 31] for related local tomographic reconstructions from sparse data. Also, since our added data is not a projection image but a panoramic image whose structure is dependent on the specific movement of the X-ray source, the problem has a flavor of results on X-ray source moving on curves, see [10] .
We compare three-dimensional reconstructions computed from the limited-angle projection data set to reconstructions obtained using the hybrid data set; the associated inverse problems are solved using Tikhonov regularization with a smoothness penalty [7, 29] . We consider two data sets collected from an in silico computer-based phantom and an in vitro dry mandible. The results suggest that a three-dimensional reconstruction from limited-angle projection data provides useful information for implant planning. Furthermore, incorporating panoramic data in the reconstruction process increases accuracy in the direction of the dental arc.
Tikhonov regularization is not the only possible solution methodology for the inverse problem considered here. For example, level set methods are another promising class of approaches, see [1, 6, 12, 18, 23, 28, 32] .
Our results compensate for the shortcomings of hardware by computerized inversion methods: an affordable software upgrade to an existing digital panoramic device enables three-dimensional imaging even if a dental clinic is not able to invest in a cbct device because of economical restrictions or lack of space. Reasonable cost of the proposed technology is especially important for improving healthcare in developing countries.
The use of data collected analogously to a panoramic dental imaging device may prove useful also outside the field of medical imaging. Potential application areas include wide-angle synthetic aperture radar imaging [4] and non-destructive testing [34] .
This text is organized as follows. Section 2 introduces the used materials and inversion methods. In Section 3, we describe the obtained reconstructions. Finally, the significance of our findings is discussed in Section 4.
Materials and methods.
2.1. Structure of projection data. The projection data sets used in this work consist of eleven radiographs taken with a limited angle of view of ±21 degrees; see Figure 2 for an illustration of the projection geometry. In the case of realworld data, the two-dimensional projection radiographs are measured by moving the panoramic device so that the narrow charge-coupled device (ccd) sensor collects the transmitted X-rays.
We use the following linear measurement model for projection data:
where the vector x represents unknown voxel values of the attenuation in the tissue, vector m 1 contains all pixel values in the measured set of digital radiographs, and the matrix A 1 comes from the well-known (discrete) pencil beam model for X-ray attenuation. Let us be a bit more precise. A single projection image is obtained by placing a (pointlike) X-ray source on one side of the object of interest Ω ⊂ R 3 . The resulting radiation passes through the object and is detected on the other side. The attenuation coefficient x : Ω → [0, ∞) gives the relative intensity loss of an X-ray travelling for a small distance ds at s ∈ Ω, i.e.,
Thus, we have the relation
where L j ∈ R d is the line segment between the source and the jth pixel of the detector, I j is the measured intensity at that pixel, andĨ is the intensity of an X-ray leaving the source. Notice thatĨ can be obtained via calibration. After post-processing, the data in a projection image can thus be interpreted as integrals of the attenuation coefficient over a certain set of lines. We gather these data in a real vector m 1 , i.e.,
By dividing Ω into voxels, the attenuation coefficient can be approximated by a piecewise constant function
where x k and χ k are the constant attenuation value and the characteristic function of the kth voxel, respectively. According to (3) , the measurement at the jth pixel of the detector can thus be approximated by Figure 1 . The generation of a panoramic image. As the device rotates, the ccd detector is operated so that the two X-rays (thin red lines) passing through a detail (red square) on the sharp layer (thick black curve) are recorded at the (approximately) same place on the panoramic image (although hitting different points on the detector itself). Intuitively, one can think that the 'film' is moved by the width of the detector between the recordings of the depicted X-rays.
where (A 1 ) jk denotes the length of the intersection of L j with the kth voxel. This gives the needed discrete and linear measurement model for one position of the Xray source; the whole linear system in (1) is obtained by gathering the measurement vectors and system matrices corresponding to different source positions on top of each other. For more information on the pencil beam model and its discretization, we refer to [13, 19, 26] .
2.2.
Structure of panoramic data. The formation of a panoramic image is illustrated in Figure 1 . As the X-ray device rotates around the patient's head, the ccd detector is operated so that a sharp layer of image detail is recorded (that is, there is blurring of details that do not lie in the sharp layer). To be more precise, the idea is to record the X-rays travelling through a certain detail in the sharp layer at the same pixel of the panoramic image (see Figure 1 ). This works exactly only in the linear approximation of the measurement because the speed with which the 'film' (cf. Figure 1 ) needs to be moved depends on the particular point of the sharp layer. However, as the detector is relatively narrow (a few millimeters), it is a good approximation to interpret a pixel value in the (post-processed) panoramic image as a sum of integrals of the absorption over multiple lines that pass through a particular point of the sharp layer. As a consequence, the panoramic image can be considered as the restriction of a suitable (unfiltered) limited angle back-projection reconstruction to the sharp layer. This approach is used in Section 3.1, where our method is tested with simulated data.
We may also approximate the panoramic image formation process by discretizing the movement of the X-ray device: Assume that the device makes a divergent beam projection at some point in time, rotates to a new position and moves the 'film' Figure 2 . We collect two kinds of data. Projection data consists of a small number (less than a dozen) projections with directions roughly as shown by the blue (approximately vertical) lines. Panoramic data consists of the part of a panoramic image that shows the region of interest. The geometry of panoramic measurement is illustrated by the red (approximately horizontal) lines. accordingly, makes another projection, and so on. This way the panoramic image can be considered as a sum of overlapping virtual X-ray projections, the formation of which can be handled by the discrete measurement model introduced in Section 2.1. This approximation is used in Section 3.2, where we consider real-world data obtained from a dry jaw specimen.
In all considered cases, we end up with the following linear measurement model for panoramic data:
As in Section 2.1, the vector x represents unknown voxel values of the attenuation in the tissue and vector m 2 contains all pixel values in the used part of the (postprocessed) panoramic image. When real-world data is considered, the matrix A 2 accounts for modifying the discrete pencil beam model of Section 2.1 to cover the above described discrete approximation of panoramic imaging (see Section 3.2); in the case of the computer-based phantom, A 2 is obtained by considering suitable backprojection operators (see Section 3.1).
2.3.
Combining the two types of data. The projection data (described in Section 2.1) and the panoramic data (described in Section 2.2) cannot be measured without detaching the patient from the imaging device between the two procedures. How can one calibrate the directions of the various X-rays so that the two data sets are related to the same coordinate system? The traditional clinical approach is to let the patient bite on a horseshoe-shaped plastic plate covered with a thick layer of special soft material. The material becomes solid in a short time, and the exact form of the patient's teeth is recorded. Both imaging sequences (projective and panoramic) are initiated by fixing the plastic plate (with tooth indentations) in the correct position within the panoramic X-ray device. The patient then bites the hardened "tooth relief" and holds still during the recording of the X-ray data. The directions of the X-rays can afterwards be calibrated from the projection images of fiducials, i.e., small steel balls attached to the plastic tooth relief.
2.4.
Test phantom and specimen. The computer-based phantom used in our experiments is illustrated in the top left image of Figure 3 : It is a transversal slice of a full-angle tomographic reconstruction of a mandible and consists of 150×150 pixels that represent the absorption level of the phantom. We examine the simulated phantom to be able to compare our reconstructions with a known ground truth. For simplicity, we restrict our attention to two-dimensional tomography: In the case of the simulated phantom, this is enough to demonstrate crucial features of our approach. We also perform experiments with an in vitro dry mandible. This threedimensional computation gives a more realistic understanding about the suggested hybrid data imaging modality. The vector ε represents random measurement error resulting from the discretization, the photon counting process and the electronic noise in the detector. Let us briefly analyze the structure of the noise. Since the size of the detector is relatively small and the number of photons emitted by the source is very high, it is reasonable to assume that the number of photons leaving the source in the direction of any particular pixel isĨ/α, where α > 0 is the 'intensity' of a single photon (cf. Section 2.1). For simplicity, we set α = 1. Assume that some of the photons hitting the jth pixel of the detector are detected and the others are not. Such measurement is corrupted by (at least) two types of noise: First, the detector is a photon counter, implying that the attenuated signal at each pixel is a stochastic counting process. Second, the photon count of each pixel is amplified, which causes electronic noise.
It is reasonable to assume that the amplification noise is multiplicative. Bearing in mind that the relation of the quantity m and the measured intensity involves a logarithm, see (2-3), a well-grounded model for the electronic noise in m is thus additive.
On the other hand, a feasible model for the counting process is to assume that the photon count of the jth pixel, n j , is independent of n l , l = j, and has the conditional probability density
where x is the discrete attenuation from (4). The expectation value λ j is given by
where λ 0 > 0 is the probability that a single photon hitting the detector is actually detected, andĨ is the given initial intensity of an X-ray. Since in X-ray imaging a relatively large number of photons is usually detected at each pixel, the probability density of (6) M j = logĨ − log I j = logĨ − log n j can be approximated with a Gaussian probability distribution. Based on [2] , the best Gaussian approximation is analyzed in detail in Appendix A of [26] . Here, we just recall the results obtained there. In what follows, we abuse the notation and denote by M j the random variable that obeys this "best" Gaussian probability distribution. The expectation of M j is given by
Since λ 0 can either be considered known, or alternatively it should be included also in the calibrated value of the initial intensity, i.e.,Ĩ in (6) should actually read λ 0Ĩ , we may in the following neglect the term log λ 0 in (7). The variance of M j depends on the number of photons observed at the jth pixel. However, in practice the photon counts are typically of the same level of magnitude at all pixels, and we may thus approximate the corresponding variances by a single positive constant η 2 . By modeling the additive amplification noise caused by the electronics by Gaussian white noise with variance s 2 , via slight abuse of notation we see that the (random) measurement vector M = (M j ) is normally distributed:
where the vector µ = (µ j ) is composed of the expectation values (7) -without the term log λ 0 included -and D = σ 2 I is a diagonal matrix with σ 2 = η 2 + s 2 . Let us treat the discrete attenuation x as a realization of a random variable having the Gaussian distribution (8) x ∼ N (0, Σ), Σ = δL −1 , where δ > 0, and L is a discrete approximation of the Laplacian with Dirichlet boundary condition, obtained by using the standard five-point mask in dimension two and the seven-point mask in dimension three. Because the actual measurement m can be considered as a realization of the random variable M , finding the maximum a posterior estimate [8] for the attenuation values of the voxels is thus equivalent to minimizing the Tikhonov functional [29] (9) Ax − m 
/δ
2 and · 2 denotes the Euclidean norm. In all our experiments, the reconstructions are computed by minimizing (9) with the conjugate gradient method [11] . Finally, it should be mentioned that no actual statistical techniques are used when choosing the regularization parameter α > 0 for (9).
Results.
3.1. Reconstruction of simulated phantom. The projection data corresponding to the computer-based phantom consists of 11 simulated parallel beam projections with a limited angle of view of ±21 degrees with respect to the tangent of the sharp layer depicted by the dashed line in the top left image of Figure 3 . Each simulated projection consists of 200 parallel line integrals. Notice that the formation of the parallel beam projections can be handled with the discrete pencil beam model of Section 2.1 under the assumption that the source is located infinitely far from the object of interest.
The panoramic data corresponds to a limited angle of view of ±5 degrees with respect to the normal of the sharp layer; this kind of opening angle is encountered in standard panoramic X-ray devices. The data is simulated by taking 20 parallel beam projections (approximately along the normal of the sharp layer), computing the corresponding (unfiltered) limited angle backprojection image, and finally taking its restriction to the sharp layer. The panoramic radiograph is composed of 150 real numbers.
To avoid an obvious inverse crime, the reconstructions are computed on a sparser 140×140 grid. We simulate measurement noise by contaminating both of our data sets with white noise of zero mean and standard deviation of 0.02 times the maximum element of the data set in question.
In this section, A 1 ∈ R n1×N (n 1 = 2200 = 11×200, N = 19 600 = 140×140) is the matrix that sends a vectorized 140×140 image onto the corresponding projection values (cf. Section 2.1). On the other hand, multiplication of a vectorized image by A 2 ∈ R n2×N , n 2 = 140, produces the panoramic data. The matrix A 2 is constructed by taking the parallel beam projection matrix corresponding to the 20 directions almost parallel to the normal of the sharp layer, multiplying it from the left by its transpose, which gives the corresponding limited angle backprojection operator, and finally deleting all rows that do not correspond to the 140 pixels in the sharp layer.
The first part of the data, m 1 ∈ R n1 , contains the noisy simulated projection values. The other part, m 2 ∈ R n2 , is obtained by taking the noisy vector containing the 150 simulated panoramic data values and interpolating it onto a sparser grid. The discrete approximation of the Laplacian appearing in (9) is constructed by using the standard five point mask.
In our computations, we used the value α = 0.01 for the regularization parameter. The resulting reconstructions are illustrated in Figure 3 , where the top left image shows the original phantom, the top right image is the reconstruction obtained from both projection and panoramic data, and the bottom left image illustrates the reconstruction computed using the same parameter values but only the projection data.
3.2.
Reconstruction from in vitro data. For the dry jaw specimen, the projection data consists of 11 divergent beam projections with a limited angle of view of ±21 degrees with respect to the left mandible. Two of the projections are shown in Figure 4 .
The corresponding panoramic data set is illustrated in the right-hand image of Figure 5 . It is constructed by taking a complete panoramic projection of the mandible (the left-hand image of Figure 5 ), and then restricting attention to the part that provides information on the region of interest (roi). By using our knowledge of the alignment of the panoramic X-ray device during the measurement process, the data image is interpreted as a sum of 100 virtual overlapping and thin divergent beam projections taken at uniform time intervals; each pixel is typically treated as if it was obtained by summing ten pencil beam projections recorded at different positions of the measurement device. Because the angular speed of the panoramic device varies in time, the pixel values must be scaled in order to take into account the changes in the number of overlapping virtual projections. This explains the vertical stripes in the right-hand image of Figure 5 .
When computing the reconstructions, the two data sets are aligned using the small metal pellets (fiducials) that are visible in Figures 4 and 5 . Furthermore, the attenuation levels, i.e., the brightness, of the two data sets are matched by looking at certain well identifiable details in the corresponding X-ray images. Since this manual process cannot be considered totally reliable, the mismatch between the two data sets is bound to cause some artifacts in the reconstructions. If our method is to be used in commercial panoramic X-ray devices, this step of alignment and fine-tuning of the pixel values must be automated to obtain shorter processing times and more reliable reconstructions.
To arrive at a computational model, the surroundings of the left mandible are divided into 230×150×200 cubic voxels with edge length 0.3mm. Here, the longest dimension corresponds approximately to the normal of the coronal plane, and the shortest one to the normal of the sagittal plane. Each of the eleven divergent beam projection images consists of 675 × 800 square pixels with edge length 0.096mm. The panoramic data set shown in the right-hand image of Figure 5 is composed of 700×450 pixels of this same size. In this section, A 1 ∈ R n1×N (n 1 = 5 940 000 = 11×675×800, N = 6 900 000 = 230×150×200) is the matrix that sends a vectorized 230×150×200 voxel volume onto the corresponding eleven projection images (see Section 2.1). The second matrix A 2 can be written as
where A (j) 2 ∈ R n2×N , n 2 = 315 000 = 700×450, is the projection matrix corresponding to the jth (discrete) position of the X-ray device during the measurement of the panoramic data (see Sections 2.1 and 2.2). Because the device illuminates only about one tenth of the panoramic image shown in the right-hand image of Figure 5 at one time, most rows of each A (j) 2 are empty; since each pixel of the panoramic image can be treated as a sum of about ten virtual pencil beam projections, any particular row of A 2 is nonempty in about ten A (j) 2 . The first part of the data, m 1 ∈ R n1 , contains the eleven vectorized projection images, and the second part, m 2 ∈ R n2 , is the vectorized panoramic image. The discrete approximation of the Laplacian appearing in (9) is constructed by using the standard seven point mask. Take note that the measurement matrix A is sparse but so huge that it cannot be loaded into the memory in one part. Hence, the computations were conducted in a matrix free way, i.e., the needed matrix multiplications were computed one row at a time.
In our computations, we used the value α = 0.2 for the regularization parameter; this value was chosen by trial and error with the help of expert knowledge about typical structure of a mandible. The need for a relatively large regularization parameter is explained by the modelling errors caused my the manual alignment and attenuation level matching of the two data sets (see Section 3.2). However, the quality of the reconstruction is not very sensitive to the parameter choice: All reconstructions for α ∈ [0.1, 0.5] are qualitatively similar.
The resulting three-dimensional reconstructions are presented in Figure 6 , which illustrates a 128×128×128 subvolume around the roi. The left column corresponds to the reconstruction computed using both data sets, whereas the right column illustrates the reconstruction obtained from the projection data only. The first row of Figure 6 depicts a (approximately) coronal slice, the second row a transversal slice, and the third row a sagittal slice. In each image, the dashed lines mark the locations of the other two slices. 4 . Discussion. In the experiment with the simulated phantom, the inclusion of panoramic data in the reconstruction process makes it possible to obtain information on the locations of the teeth along the mandible. Although the actual shapes of the teeth are not reconstructed properly, the gaps between the teeth are approximately at the right places. This observation is confirmed by the bottom right image of Figure 3 , where the absorption distribution of the original phantom and of the two reconstructions are plotted along the sharp layer: The top right reconstruction oscillates in the same rhythm as the original phantom, whereas the bottom left reconstruction does not seem to resemble the original phantom in the direction of the mandible. Furthermore, the discrepancy in the Euclidean norm between the true phantom and the reconstruction in the top right image of Figure 3 is about 9% smaller than the one between the true phantom and the reconstruction in the bottom left image.
With regard to the reconstructions of the in vitro mandible, the incorporation of panoramic data into the reconstruction process provides once again information on the details along the mandible ( Figure 6 ): In the coronal slice, the gap between the two molar teeth is visible only in the left-hand reconstruction. Similarly, the transversal slice contains information on the locations of the teeth only if the panoramic data is utilized. Finally, in the left-hand sagittal slice even small details of the molar teeth are visible, whereas the right-hand slice contains no such details. As in the case of the simulated phantom, the shapes of the molar teeth are not reconstructed exactly, but the locations of the teeth can be inferred from the left-hand slices of Figure 6 . At the same time, it should be emphasized that the incorporation of the panoramic data does not seem to result in loss of any useful information. The fiducials used for aligning the measurement geometries cause artifacts in both reconstructions visualized in Figure 6 . However, this phenomenon is about the same in both columns of Figure 6 , and thus it does not affect the conclusion on the usefulness of hybrid data.
We conclude that crucial anatomical features can be seen in three-dimensional reconstructions from mere projection data. What is more, even the locations of such features along the dental arc become visible if panoramic data is included in the reconstruction process. This suggests that there is a strong possibility that a digital panoramic device can perform as the sole tool of an implantologist for three-dimensional X-ray imaging.
